of the modal electromagnetic fields in each mode class.
Further, one can specify minimum waveguide sectors for each mode class which completely determine the modes of that mode class. All of this can be accomplished from a knowledge of the waveguide symmetry without having to solve the boundary value problem for the particular waveguide structure.
In this paper, attention is restricted to uniform waveguides which may be transversely inhomogeneous, but whose media are isotropic and piecewise homogeneous. This restricted class of waveguides includes most structures of current interest, except for those waveguides containing gyrotropic media such as ferrites (uniform waveguides with gyrotropic media will be discussed in a future paper). This restriction enables us to provide tables of the mode classes, mode degeneracies, azimuthal modal field symmetries, and minimum waveguide sectors for any waveguide of this type. These waveguides may be lossy or Iossless, and have either a closed or open boundary.
Thk discussion of the symmetry-induced modal characteristics of uniform waveguides is presented in two parts:
"I: Summary of Results" and "11: Theory."
The symmetry analysis of waveguides is based on group theory, and, in particular, on the theory of group representations.
However, at least for the waveguides in the restricted class considered here, it is not necessary to have a knowledge of group theory in order to apply the results of symmetry analysis to specific waveguides of interest. It is only necessary to be able to identify the symmetry operations belonging to the structure under study. In order to make these results of symmetry analysis as widely accessible to microwave engineers as possible, the "Summary of Results" is presented first, and no group theoretical' development is included in this paper. For those interested in how these results are obtained, the theory leading to them is discussed briefly in the accompanying paper, "11: Theory." Throughout this paper it is assumed that the w'aveguides under discussion are inhomogeneous. Therefore, the waveguide modes are, in general, hybrid modes with longitudinal components of both the electric and magnetic fields. Homogeneous waveguides are a special case, and the results listed here apply to them with some obvious simplifications in the modal field representations.
It is well known that the transverse electric and magnetic fields in a uniform waveguide can be expressed in terms of the longitudinal components.
For simplicity, only the longitudinal components of the electric and mag-IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, MAY 1975 netic fields will be included in the discussion of the azi- is a spatial operation which leaves the figure unchanged in appearance. For a two-dimensional figure, only two types of spatial symmetry operations can exist; rotations about a symmetry axis oriented normal to the plane of the figure, and reflections in planes oriented normal to the plane of the figure.
In general, for a plane figure, if the smallest angle of rotation which causes the pattern to appear unchanged is 2r/7z rad, then all the possible inequivalent rotational symmetry operations of the figure are included in the set of n operations: C., C~2,C~3,. . . ,C.n-l,C.' = E, Here c.
denotes rotation by 2~/n rad and E denotes the identity operation.
A pattern which possesses only rotational symmetry (no reflection symmetry), and for which 2m/n is the smallest angle associated with a symmetry operation, is said to possess the symmetry group C. of order n. The symbol C. stands for both a particular symmetry operation and the collection of all symmetry operations based on it. Fig. 1 shows the cross sections of several waveguides with C. symmetry.
A plane figure may also possess reflection symmetries.
If a plane figure has n-fold rotation symmetry and also possesses at least one plane of reflection symmetry, then there are precisely n planes of reflection symmetry. These planes all intersect along the axis of rotational symmetry and are spaced azimuthally at~/n rad, The total number of symmetry operations is n rotations plus n reflections, or 2n symmetry operations. The symmetry group for such a figure is designated as C.. (of order 2n). Fig. 2 shows the cross sections of several waveguides with Cnti symmetry. These two families of symmetry groups, Cn and C.,, exhaust the possibilities for uniform inhomogeneous waveguides with isotropic media. Note that n may be any integer from one to infinity. Fig. 2 tions. These three waveguides are special in that they include an additional ['hidden') symmetry which increases the number of mode degeneracies. This "hidden" symmetry will be discussed in Section VI, together with a nonspatial symmetry common to all the waveguides considered in this paper.
Here it is sufficient to state that Tables I and II however, about the magnitudes of the coefficients Ala, (r) and Blq. (r). To determine these coefficients one must solve the partial differential equations for the system subject to the appropriate boundary conditions. One can conclude, however, from the Fourier series in (1) that the electromagnetic fields for modes in this mode class must be periodic in 0 with period 2r/3 rad. Thus, in any numerical analysis of the nondegenerate modes of this waveguide, all of which belong to this mode class (see Table I ), only a sector of angle 2r/3 rad need be considered (with the boundary conditions that the electromagnetic fields must be identical at the two azimuthal boundaries of the sector).
Although the azimuthal symmetry of the longitudinal electric and magnetic fields for the various mode classes will be presented by writing these field components in terms of Fourier series, it is not suggested that this is a preferred form for making a detailed numerical analysis.
Other representations may well be preferable for a computer study of a particular waveguide.
The purpose in using the Fourier series representation here is to be able to extract information easily concerning the azimuthal symmetry of the modal electromagnetic fields. Table HI presents Table III gives the explicit azimuthal dependence of E. and H, for the mode classes of waveguides with C. symmetry. for n either even or odd as the first and second mode classes (p = 1,2). The two mode classes containing nondegenerate modes wliich occur only for n even are placed at the end of the list (p = n + l,n + 2). The mode-class pairs which combine to give two fold degenerate modes are listed from p=3top=n+l (nodd), ortop=n (n even). The results for the limiting case C~ti are also given; only two mode classes with nondegenerate modes occur in this case. Again Table IV gives the explicit azimuthal dependence for the mode classes of waveguides with Cm, symmetry.
It is important to note that the Fourier series as written in Table IV assume that 19= O is chosen to coincide with one of the planes of reflection symmetry of the structure under consideration.
V. MINIMUM WAVEGUIDE SECTORS
For a given waveguide, the information presented in Tables III and IV vLA@'(=) ' 'n(n"e)
I"'B*qv (r) cos (rive)
. . that is, the electromagnetic fields on the two dotted lines must be identical. Dot-dash lines indicate ('quasi-periodic') boundary conditions; that is, the electromagnetic fields on these two lines are identical except that the sign of the fields along one line is reversed relative to the fields along the other line. In Fig. 4 To use these tables together with Figs. 3 and 4 for a particular waveguide, three steps should be followed.
1) Determine the symmetry type of the waveguide.
2) Determine the number of nondegenerate and degenerate mode classes (see Tables I and II) .
3) For the particular mode class of interest enter Table V (for C. symmetry) or Table VI Fig. 4 , one finds that the minimum sectors which are necessary and sufficient to determine the modal electromagnetic fields of these mode classes are those shown in Fig. 6. Fig. 6(b), (c), (f), and (g) 
II. UNIFORM-WAVEGUIDE EQUATIONS
In these papers attention is restricted to uniform waveguides which may be transversely inhomogeneous, but whose media are isotropic and piecewise homogeneous. The set of partial differential equations for E. and Ha for all regions of the waveguide, together with the set of boundary conditions, form an eigenvalue problem. For a given value of the frequency u, the set of allowed values 1 The results listed in paper [1] actually hold for more general waveguides.
For example, they hold for inhomogeneous waveguides with uniaxial, piecewise-homogeneous media when the optical axis is parallel to the z axis, and also for waveguides with isotropic media where the media may be transversely inhomogeneous. For these more general cases, the analysis must be modified somewhat, but the results are the same as those cited in [1] . TRANSACTIONS  ON MICROWAVE  THEORY  AND  TECHNIQUES,  MAY  19'75 of~are the eigenvalues, and the corresponding pairs of Ez, Hs are the eigenfunctions.
For the purposes of symmetry analysis, it is not necessary to find explicit solutions to the eigenvalue problem summarized here. Several of the modal characteristics can be deduced from the symmetry of the waveguide cross section alone. The modes of inhomogeneous waveguides are, in general, hybrid modes with longitudinal components of both the electric and magnetic fields. Homogeneous waveguides are a special case of the more general inhomogeneous waveguides, and the discussion applies to homogeneous waveguides with some obvious simplifications.
ELEMENTARY GROUP THEORY
By a group G is meant a set of distinct elements for which a combining operation is defined and which satisfies four group postulates [8, pp. 6-7]. The combining operation is called "group multiplication"
and associates a third element of the set with any ordered pair of elements. The four group postulates are as follows.
1) The product of any two elements of G is itself a member of G.
2) The associative law holds so that for any three ele- The number of distinct elements of G is called the order of the group and denoted by g. For any particular group one can write a group multiplication table which displays the results of multiplying any two elements of the group.
Note that group multiplication is not required to be commutative;
that is, in general, AB $ BA.
Examples of groups are provided by the sets of spatial symmetry operations discussed in the previous paper. It is easy to see that the set of n distinct rotations about an axis which was labeled Cm in [1] satisfies the group postulates. Likewise, the set of n distinct rotations about an axis and n mirror reflections in planes containing the axis which was labeled C.. in [1] also satisfies the. group postulates. Sets of spatial symmetry operations which satisfy the group postulates are called symmetry groups;
for a discussion of uniform waveguides, only the C% and , C.. symmetry groups need be considered. The relationship of the group of spatial symmetry operations belonging to a particular symmetry group possessed by a particular waveguide and the modal electromagnetic fields of the waveguide can be expressed in either of two ways. Consider some symmetry operation R belonging to the symmetry group G. One can apply the symmetry operation R to the waveguide structure, leaving the modal \ fields fixed in space; or one can apply the symmetry operation R to the modal fields, leaving the waveguide structure fixed in space. In either case, after the symmetry opera-' tion is applied, the modal fields must again be a solutioñ to the boundary value problem for the waveguide. For clarity, we distinguish between symmetry operations on the structure and on the electromagnetic fields by defining P(R) to be that symmetry operation acting on the cJectromagnetic fields which is equivalent to a spatial symmetry operation R on the structure.
In order for the resulting electromagneticfield-waveguide-structure relationship to be the same after operation by either R (on the structure) or P(R) (on the electromagnetic fields), one must have
where E(r) is the electric field and R-l is the symmetry- 
where L is an operator, k is an eigenvalue, and~is the associated eigenfunction. Suppose the waveguide has the symmetry group G'. If R is one of the symmetry operations of the group, then the operator P(R) must commute with the operator L. Therefore,
Thus if # is an eigenfunction with eigenvalue k, then P(R)~must also be an eigenfunction with eigenvalue h.
If the eigenvalue k has p degenerate eigenfunctions, +i (i=l,2,.
"" ,p), then P(R) +., where +. is one of these p eigenfunctions, can always be expressed as a sum over the p degenerate eigenfunctions.
The effect of P (R) is completely characterized by its effect on each of the basis functions~~. For example P(R) I), = hr(R)lj + hr(R)2j + "" Q + +.r(R),j.
(
The coefficients r(R) ij in these equations can be considered to be the elements of a p X p square matrix r(R).
If the~~are collected into a row matrix then (1) can be written as This applies to all of the C. groups for n >2, where irreducible representations with complex elements appear.
Use of thk artifice gives all of the results of interest to these papers without having to resort to the theory of corepresentations.
VI. CONCLUSIONS
The application of symmetry analysis to uniform wave- which is necessary and sufficient to completely determine all the modes in that mode class.
